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INFINITY-HARMONIC MAPS AND MORPHISMS
YE-LIN OU∗, TIFFANY TROUTMAN, AND FREDERICK WILHELM
1. Introduction
Distance functions play a major role in our knowledge of Riemannian geometry.
Wherever a distance function is smooth its gradient has constant norm 1 and so
for trivial reason satisfies the ∞-Laplace equation
〈gradu, grad |gradu|2〉 = 0.
The euclidean version of this equation was introduced by Aronsson [Ar1] in the
1960’s. The solutions are called infinity-harmonic functions. Geometrically, u is
infinity-harmonic if and only if a given integral curve of its gradient field is param-
eterized with constant speed.
Since infinity-harmonic functions are a natural generalization of smooth distance
functions, there is great potential for advancing our knowledge of Riemannian ge-
ometry through the lens of this analytic concept. We hope to lay the ground work
for this by answering some basic questions here. Although there are many interest-
ing examples of infinity-harmonic functions on Riemannian manifolds, we will work
in the broader context of infinity-harmonic maps.
Definition. A C2 map ψ : (M, g) → (N, h) is said to be infinity-harmonic if and
only if
(1.1) ∆∞ (ψ) ≡ 1
2
dψ(grad |dψ|2) = 0,
where
|dψ|2x ≡
n∑
i=1
h(dψ(ei), dψ(ei))
is called the energy density of ψ, and {ei} is an orthonormal basis for TxM .
This generalizes the concept of infinity-harmonic functions on euclidean space.
The definition can also be viewed as the limiting case of the well known notion of
p-harmonic map [BG] as p→∞. (See Proposition 2.6 for details.)
Metric projection (i.e. the closest point map), to an orbit of an isometric group
action is typically not an isometry, or even a Riemannian submersion, even at the
places that it is well defined, smooth, and the orbit is principle. On the other hand,
it is always infinity-harmonic.
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Theorem 1.2. Let O ⊂M be an orbit of an isometric action by a Lie group G on
a Riemannian manifold M. Then metric projection onto O is an infinity-harmonic
map, wherever it is well defined and smooth.
In Section 2, we prove Theorem 1.2 and give other examples of infinity-harmonic
maps, including projections of multiply warped products, totally geodesic maps,
isometric immersions, Riemannian submersions, and eigenmaps between spheres.
Section 3 begins with some examples that show that infinity-harmonicity is not
preserved under composition. Motivated by this and the theory of p-harmonicity, we
introduce a subclass of infinity-harmonic maps called infinity-harmonic morphisms,
which preserve solutions to the ∞-Laplace equation in the following sense.
Definition. A map between Riemannian manifolds is said to be an infinity-harmonic
morphism if and only if it pulls back locally defined infinity-harmonic functions to
infinity-harmonic functions.
This is motivated by the categorically analogous definition of p-harmonic mor-
phism ([Fu], [Is], [Lo], and [BL]), and is therefore very appealing. On the other
hand, it is a difficult condition to verify. Fortunately, we will provide an alternative
characterization of infinity-harmonic morphisms that is easier to check. To this end
we recall [BE], [BW]
Definition. A map ϕ : (M, g) −→ (N, h) between Riemannian manifolds is hori-
zontally weakly conformal with dilation λ : M −→ [0,∞) if apart from the points
where dϕ = 0, dϕx is onto and
h(dϕx(X), dϕx(Y )) = λ
2(x)gx(X,Y )
for all horizontal vector fields on M .
A horizontally weakly conformal map with dilation λ having vertical gradient
is a horizontally homothetic map. A horizontally weakly conformal map without
a critical point is called a horizontally conformal submersion and a horizontally
homothetic map without a critical point is called a horizontally homothetic submer-
sion.
Theorem 1.3. A map between Riemannian manifolds is an infinity-harmonic mor-
phism if and only if it is a horizontally weakly conformal, infinity-harmonic map,
and such a map is precisely a horizontally homothetic map.
This is proven in Section 3. In Section 4, we give several methods to construct
infinity-harmonic maps into Euclidean spaces, characterize those immersions which
are infinity-harmonic maps, and show that isometrically immersing the target man-
ifold of a map into another manifold does not change the infinity-harmonicity of the
map. Section 5 is devoted to constructions of infinity-harmonic maps into spheres.
We use ideas similar to those of Smith’s in finding harmonic maps into spheres to
find infinity-harmonic maps into spheres by reduction of partial differential equa-
tions into ordinary differential equations. Finally, in Section 6 we examine the
effect of a conformal change on the ∞-Laplacian to obtain formulas for the ∞-
Laplace equation on spheres and on hyperbolic spaces in terms of the ∞-Laplacian
on Euclidean space.
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2. Some Examples and Properties of Infinity-harmonic Maps
In this section, We will show that metric projection to an orbit of an isometric
group action is always infinity-harmonic, study the relationship between infinity-
harmonic and p-harmonic maps, and give some examples of infinity-harmonic maps
some of which have play important role in differential geometry.
2.1. A Metric Projection is Always Infinity-harmonic. To prove Theorem
1.2 we need the following Lemma, which can be viewed as a corollary of the Slice
Theorem [Theorem 5.4 Bred]. We include a direct proof for the convenience of the
reader.
Lemma 2.1. Let G act on M by isometries. Let O be an orbit of G, and let N be a
G–invariant subset on which the metric projection map π : N −→ O is defined and
smooth. Then the restriction of π to any orbit O2 contained in N is a submersion
(in the smooth sense).
Proof. Let v ∈ TpO be given, and let q be any point in π−1 (p)∩O2. Let {gt}t>0 ⊂ G
be a one parameter subset so that ddtgt (p) |t=0 = v. Then because π is the closest
point map and the gts are isometries
(2.2) π (gt (q)) = gt (p) .
If w = ddtgt (q) |t=0, it follows that
dπ (w) =
d
dt
π (gt (q)) |t=0
= v,
so π|O2 is a submersion. 
The same proof also gives us part i of the following lemma.
Lemma 2.3. Let G act on M by isometries. Let O be an orbit of G, and let N
be a open subset on which the metric projection map π : N −→ O is defined and
smooth. For q ∈ N let Oq be the orbit through q.
i: For any q ∈ N, the differential of π|Oq is onto, and
ii: TqOq contains the horizontal distribution, Hq, of π at q.
Proof of Part ii: Given q ∈ N, let Vq be the kernel of dπq, and let TO⊥ be the
orthogonal complement of Vq ∩ TO in TO. It follows from dimension counting and
part i of the lemma that TO⊥ coincides with Hq, the orthogonal complement of Vq
in TqM. 
Corollary 2.4. Let G act on M by isometries . Let O be an orbit of G, and let
N be a open subset on which the metric projection map π : N −→ O is defined and
smooth. Then for any smooth π–horizontal curve, γ, in N that there is a smooth
one parameter subset of isometries {gt} ⊂ G so that
gtγ (0) = γ (t) .
Proof of Theorem 1.2: Let metric projection, π : N −→ O be defined and
smooth on the subset N of M.
Let γ be a horizontal curve for π. From Corollary 2.4, there is a one parameter
subset of isometries {gt} ⊂ G so that
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gtγ (0) = γ (t) .
It follows from equation (2.2) that G acts by symmetries of π. In particular, it
preserves the horizontal and vertical distributions of π, it follows that
|dπ|2 (x) = |dπ|2 (gtx)
for all t. In particular, grad|dπ|2 is vertical. 
2.2. Relationship Between Infinity-harmonic and p-harmonic Maps. Re-
call that, a p-harmonic map (p > 1) is a map ϕ : (M, g) −→ (N, h) between
Riemannian manifolds such that ϕ|Ω is a critical point of the p-energy
Ep (ϕ,Ω) =
1
p
∫
Ω
|dϕ|p dx
for every compact subset Ω of M . Locally, p-harmonic maps are solutions of the
following systems of PDEs:
(2.5) ∆p(ϕ) = |dϕ|p−2∆2(ϕ) + (p− 2)|dϕ|p−4 dϕ(grad|dϕ|) = 0,
where ∆2(ϕ) = Traceg∇dϕ denotes the tension field of ϕ. When p = 2, we get
the familiar notion of harmonic maps which include geodesics, harmonic functions,
minimal isometric immersions, and Riemannian submersions with minimal fibers
as special cases (See [EL1], [EL2], [EL3], and [SY]).
We point out that the definition of infinity-harmonic map can be viewed as the
limiting case of the notion of p–harmonic map as p→∞ in the following sense.
Proposition 2.6. For any C > 0,
lim
p→∞
sup
ϕ∈Hp
C
∆∞ (ϕ) = 0
where HpC is the class of all p–harmonic maps ϕ with |dϕ|2 |∆2(ϕ)| ≤ C.
Proof. Dividing the p-harmonic equation by (p− 2)|dϕ|p−4 gives
(2.7)
|dϕ|2 ∆2(ϕ)
(p− 2) +
1
2
dϕ(grad |dϕ|2) = 0.
So within the class of p–harmonic maps ϕ with |dϕ|2 |∆2(ϕ)| ≤ C, we can make the∣∣∣12dϕ(grad |dϕ|2)∣∣∣ as small as we please be letting p→∞. 
Another relationship between p-harmonic and infinity-harmonic maps is a con-
sequence of equation 2.5.
Proposition 2.8. If a map is p-harmonic for two different p values, then it is
infinity-harmonic; An infinity-harmonic map is also a harmonic map if and only if
it is a p-harmonic map for any p 6= 2.
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2.3. Some Examples of Infinity-harmonic Maps. Besides metric projections,
the following important and familiar classes of maps are infinity-harmonic.
Example 2.9. [Infinity − harmonic functions] A real-valued function
u : (M, g) −→ R
on a Riemannian manifold is infinity-harmonic if and only if u is a solution of
∞-Laplace equation :
∆∞u =
1
2
du(grad | gradu|2)(2.10)
=
1
2
g(gradu, grad |gradu|2)
= 0.
For u : Ω ⊂ Rm −→ R, this becomes Aronsson’s ∞-Laplace equation.
Example 2.11. [Mapswith constant energydensity] Any map with constant
energy density,
|dϕ|2 = constant,
is infinity-harmonic. This class includes
• any totally geodesic map between Riemannian manifolds. Recall that a map
ϕ : (Mm, g) −→ (Nn, h) is totally geodesic if its second fundamental form
vanishes identically, i.e., ∇dϕ = 0. It is not difficult to see that ϕ is totally
geodesic if and only if it carries geodesics to geodesics. It is well known [ER]
that a totally geodesic map has constant rank and constant energy density;
• any eigenmap between spheres ϕ : Sm −→ Sn. Recall that an eigenmap is
a harmonic map between spheres with constant energy density, which can
be characterized as the restriction to Sm of a map F : Rm+1 −→ Rn+1
whose components are harmonic homogeneous polynomial of a common de-
gree [ER];
• the globally defined nonlinear complex-valued functions ϕ : Rm −→ R2 ≡ C
with ϕ(x1, . . . , xm) = λ1e
ix1 + . . . + λme
ixm , where λk (k = 1, . . . ,m) are
constant real numbers. One can easily check that this map has constant
energy density |dϕ|2 =∑mk=1 |λk|2. Note that a map of this class does not
belong to any of the above classes, for instance, ϕ : R3 −→ R2 given by
ϕ(x, y, z) = (cosx+ cos y + cos z, sinx+ sin y + sin z) is a globally defined
smooth nonlinear infinity-harmonic map which is neither an isometric im-
mersion nor a Riemannian submersion;
• Let ϕ : Rm −→ Rm be defined by
ϕ(x1, . . . , xm) =
(cos x1 + sinx2, cosx2 + sinx3, . . . , cosxm−1 + sinxm, cosxm + sinx1).
A straightforward computation gives the energy density |dϕ|2 = m.
Example 2.12. [Infinity − harmonic curves] Any regular curve γ : (a, b) −→
(Mm, g) is an infinity-harmonic map provided it is parametrized by arc length.
The following example provides a large class of infinity-harmonic maps with
nonconstant energy density.
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Example 2.13. [Projectionof multiplywarpedproducts] Recall that a mul-
tiply warped product of Riemannian manifolds (B, gB) and (F1, h1), . . . , (Fk, hk) is
the smooth manifold M = B × F1 × . . .× Fk with the metric
gB + λ
2
1h1 + . . .+ λ
2
khk,
where λ1, . . . , λk : B −→ (0,∞) are called warping functions. We denote the
resulting Riemannian manifolds by B ×λ2
1
F1 × . . .×λ2
k
Fk.
Let
π : B ×λ2
1
F1 × . . .×λ2
k
Fk −→ (F1 × . . .× Fk, h1 + . . .+ hk)
be projection. A simple computation gives that the energy density of π is
|dπ|2 = λ−21 + . . .+ λ−2k .
Since the gradients of all of the λis are tangent to the “B–factors” they are all
vertical for π, and π is infinity-harmonic. In particular we have
• the projection π : (R3, gSol) −→ (R2, dx2 + dy2) with π(x, y, z) = (x, y) is
an infinity-harmonic map, where (R3, gSol) denotes the Sol space, one of
Thurston’s eight 3-dimensional geometries, which can be viewed as
(R3, gSol) = (R× R× R, e2zdx2 + e−2zdy2 + dz2).
• the projection from 3-sphere onto the Clifford torus
ϕ : S3 \ {Γ1,Γ2} ≡ ((0, π
2
)× S1 × S1, dt2 + sin2 t dθ12 + cos2 t dθ22) −→ S1 × S1
with ϕ(t, θ1, θ2) = (θ1, θ2) is an infinity-harmonic submersion with noncon-
stant energy density |dϕ|2 = 1sin2 t + 1cos2 t .
Proposition 2.14. A submersion π : (Mm, g) −→ (Nn, h) is infinity-harmonic if
and only if the gradient of the energy density of π is vertical. In particular, a hori-
zontally conformal submersion is infinity-harmonic if and only if it is a horizontally
homothetic submersion.
3. Infinity-harmonic Morphisms
As the following example shows, infinity-harmonicity is not preserved under com-
position of infinity-harmonic maps.
Example 3.1. The linear map φ : R2\{0} −→ R2 \{0} with φ(x, y) = (x, 2y) is an
infinity-harmonic map since it has constant energy density. It is well known that
f : R2 \ {0} −→ R with f(x, y) =
√
x2 + y2 is an infinity-harmonic function. One
can easily check that the pull-back function φ∗f =
√
x2 + 4y2 is not an infinity-
harmonic function.
In this section we will prove Theorem 1.3. Using it we see that the following are
examples of infinity-harmonic morphisms.
Example 3.2. Riemannian Submersions are infinity-harmonic morphisms.
Example 3.3. The projection of a warped product onto the base is a Riemannian
submersion. The projection onto the fiber is a horizontally homothetic submersion
and hence an infinity-harmonic morphism.
Example 3.4. Radial projection of Rn+1 \ {0} onto Sn is an infinity-harmonic
morphism. In this example, λ(x) = 1|x| .
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Example 3.5. Infinity-harmonic functions on Riemannian manifolds can be viewed
as horizontally weakly conformal, infinity-harmonic maps, and hence are infinity-
harmonic morphisms.
We refer the reader to [OW] for other examples of horizontally homothetic sub-
mersions.
We prove Theorem 1.3 with three lemmas. The first of which is as follows.
Lemma 3.6. If π : E → B is an infinity-harmonic morphism, then π is a hori-
zontally weakly conformal map.
Before proving this we study the linear case.
Proposition 3.7. A linear map ϕ : Rn+k −→ Rn is an infinity-harmonic mor-
phism if and only if it is a horizontally conformal surjective submersion. In other
words, it can be written as the composition of a homothety, an isometry, and an
orthogonal projection.
In fact, if ϕ is onto but not horizontally weakly conformal, then ϕ∗ (dist (0, ·)) is
not infinity-harmonic and
lim sup
p→0
|∆∞ [ϕ∗ (dist (0, ·))] |p| =∞.
Proof. First we consider the case when ϕ : Rn+k −→ Rn is onto. We have〈
∇ |∇ (f ◦ ϕ)|2 , eα
〉
= d |∇ (f ◦ ϕ)|2 [eα]
=
∑
i
d
(
〈∇f, dϕ (ei)〉2
)
[eα]
= 2
∑
i
〈∇f, dϕ (ei)〉 [d 〈∇f, dϕ (ei)〉] [eα]
= 2
∑
i
〈∇f, dϕ (ei)〉 [〈∇eα (∇f ◦ ϕ) , dϕ (ei)〉+ 〈∇f,∇eαdϕ (ei)〉] ,
where (∇f ◦ ϕ) ,∇eα∇f, dϕ (ei) ,and ∇eαdϕ (ei) are being viewed as vector fields
along ϕ.
Since ϕ is linear, dϕ (ei) is a constant vector field, and the second term vanishes.
So 〈
∇ |∇ (f ◦ ϕ)|2 , eα
〉
= 2
∑
i
〈∇f, dϕ (ei)〉 [〈∇eα (∇f ◦ ϕ) , dϕ (ei)〉] so
∇ |∇ (f ◦ ϕ)|2 = 2
∑
α,i
〈∇f, dϕ (ei)〉 [〈∇eα (∇f ◦ ϕ) , dϕ (ei)〉] eα
Combining this with
∇ (f ◦ ϕ) =
∑
α
〈∇f, dϕ (ea)〉 ea
we get
∆∞ [ϕ
∗ (f)] =
1
2
〈
∇ |∇ (f ◦ ϕ)|2 ,∇ (f ◦ ϕ)
〉
=
∑
α,i
〈∇f, dϕ (ei)〉 [〈∇eα (∇f ◦ ϕ) , dϕ (ei)〉] 〈∇f, dϕ (ea)〉(3.8)
Now set
f (x) =
√
x21 + x
2
2 + · · ·+ x2n
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Then
∇f = 1
f
(x1, x2, . . . , xn)
Since f is a distance function we have
∇∇f∇f ≡ 0.
Since f is the distance function from the origin, we also have
∇z∇f = z
f
for all z ⊥ ∇f.
To evaluate ∆∞ (f ◦ ϕ) at p˜ ∈ Rn+k using 3.8, choose an orthonormal basis
{v0, v1, v2, . . . , vn+k−1} for Tp˜Rn+k so that
〈dϕ (vi) ,∇f〉 |ϕ(p˜) = 0, for i = 1, 2, 3, . . . , n+ k − 1
Then using 3.8
∆∞ (f ◦ ϕ)p˜ =
∑
α,i
〈∇f, dϕ (vi)〉 [〈∇vα (∇f ◦ ϕ) , dϕ (vi)〉] 〈∇f, dϕ (va)〉
= 〈∇f, dϕ (v0)〉2 [〈∇v0 (∇f ◦ ϕ) , dϕ (v0)〉]
Since span{v1, . . . , vn+k−1} contains the vertical space for ϕ, v0 is horizontal for ϕ.
It follows that
∆∞ (f ◦ ϕ)p˜ = 〈∇f, dϕ (v0)〉2
[〈∇dϕ(v0)∇f, dϕ (v0)〉] .
Since ∇dϕ(v0)∇f is proportional to the component, dϕ (v0)⊥ , of dϕ (v0) that is
perpendicular to ∇f, it follows that ∆∞ (f ◦ ϕ)p˜ = 0 if and only if dϕ (v0) is pro-
portional to ∇f |p. This is equivalent to saying that dϕ maps the orthogonal spaces
span {v0} and span {v1, v2, . . . , vn+k−1} to the orthogonal spaces span
{∇f |ϕ(p˜)}
and span
{∇f |ϕ(p˜)}⊥ . By varying p ≡ ϕ (p˜) we can make ∇f |p point in any di-
rection, and it follows that dϕ = ϕ preserves all angles in its horizontal space.
So an onto linear infinity-harmonic morphism is a weakly conformal (surjective)
submersion as claimed.
Now suppose ϕ : Rn+k −→ Rn is a linear infinity-harmonic morphism, that is
not onto. We may post compose with an orthogonal transformation Rn −→ Rn
to obtain a a linear infinity-harmonic morphism whose image is contained in the
coordinate subspace Rm × {0} ⊂ Rm × Rn−m. Applying the result just proven to
ϕ : Rn+k −→ Rm we see that ϕ is a horizontally conformal linear submersion.
Let f : Rn −→ Rn be the distance function from (0, . . . , 0, ε) /∈ Im (ϕ) . Then the
curve
c : t 7−→ (t, 0, . . . 0)
has the same image as an integral curve, γ, of ∇f |Rk×{0}, only the velocity field of
γ at c (t) is (
t√
t2 + ε
, 0, 0, . . . , 0
)
Notice in particular that this integral curve of ∇f |Rk×{0} with variable speed,
and that ∇ (ϕ∗ (f)) is a horizontal lift of∇f |Rk×{0}. Since ϕ : Rn+k −→ Rk×{0} ⊂
Rk × Rn−k is a horizontally conformal linear submersion it follows that ∇ (ϕ∗ (f))
will also have an integral curve that is parameterized with variable speed. So ϕ∗ (f)
is not infinity-harmonic and ϕ is not an infinity-harmonic morphism.
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To estimate the ∞-Laplacian of ϕ∗ (f) in this event, we compute
∣∣∇f |Rk×{0}∣∣2 = t2t2 + ε
∇ ∣∣∇f |Rk×{0}∣∣2 =
(
2t
(
t2 + ε
)− 2tt2
(t2 + ε)
2 , 0, . . . , 0
)
=
(
2tε
(t2 + ε)
2 , 0, . . . , 0
)
〈
∇ ∣∣∇f |Rk×{0}∣∣2 ,∇f |Rk×{0}〉 = 2t2ε
(t2 + ε)
5/2
So if t2 = ε we have〈
∇
∣∣∇f |Rk×{0}∣∣2 ,∇f |Rk×{0}〉 = O
(
ε2
ε5/2
)
= O
(
1
ε1/2
)
So if ϕ is linear, horizontally weakly conformal, and not onto, then we can find
infinity-harmonic functions on the target that pull back to functions with arbitrarily
large ∞-laplacians.
Conversely, if ϕ : Rn+k −→ Rn is an linear horizontally conformal surjective
submersion and f : Rn −→ R is infinity-harmonic, then ∇ (ϕ∗ (f)) is obtained
as a horizontal lift of ∇f. Since the integral curves of ∇f are parameterized with
constant speed and ϕ : Rn+k −→ Rn is a linear horizontally conformal submersion,
it follows that the integral curves of∇ (ϕ∗ (f)) are also parameterized with constant
speed and hence that ϕ∗ (f) is infinity-harmonic and that ϕ is an infinity-harmonic
morphism.
If ϕ is onto but not horizontally weakly conformal, then as we have seen ∆∞ (f ◦ ϕ)p˜ 6=
0 for some p˜, and
∆∞ (f ◦ ϕ)p˜ = 〈∇f, dϕ (v0)〉2
[〈∇dϕ(v0)∇f, dϕ (v0)〉]
= 〈∇f, dϕ (v0)〉2
[〈
∇dϕ(v0)⊥∇f, dϕ (v0)
⊥
〉]
where we have again used the fact that ∇dϕ(v0)∇f is proportional to dϕ (v0)⊥ .
Therefore
∆∞ (f ◦ ϕ)p˜ =
1
f
〈∇f, dϕ (v0)〉2 |dϕ (v0)|2 sin2 ∢ (dϕ (v0) ,∇f)
Letting p˜ approach the origin along a radial line, all quantities on the right hand
side stay fixed, except, 1f which goes to ∞. It follows that
lim sup
p˜→0
∣∣∣∆∞ (f ◦ ϕ)p˜∣∣∣ =∞.

To prove Lemma 3.6 we combine our characterization of linear infinity-harmonic
morphisms with the principle that the set of infinity-harmonic functions is closed
in the C1–topology.
This principle is embodied in the next two propositions.
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Proposition 3.9. The set of infinity-harmonic functions is closed in the C1–
topology. I.e. if f : U −→ R is any locally defined real valued C2–function on
M that is not infinity-harmonic, then there is an ǫ > 0 so that if h is any C2–
function with
|f (x)− h (x)| < ǫ, and
|df (v)− dh (v)| < ǫ
for all x ∈ U and all unit vectors v ∈ TM , then h is not infinity-harmonic.
Proof. Since f is not infinity-harmonic, there is an integral curve γ : [a, b] −→ U of
∇f and a constant M > 0 so that
(3.10)
∣∣∣∣∇fγ(b)∣∣− ∣∣∇fγ(a)∣∣∣∣ > M (b− a) .
By continuity, there is a neighborhood Va of γ (a) so that any integral curve c of
∇f passing through Va can be parameterized on [a, b] and satisfies∣∣∣∣∇fc(b)∣∣ − ∣∣∇fc(a)∣∣∣∣ > M
2
(b − a)
∣∣∣∣∇fc(t)∣∣− ∣∣∇fγ(t)∣∣∣∣ ≤ M
100
(b− a) .
Let Φ be the flow of ∇f and set
V = ∪t∈[a,b]Φt (Va) .
Set ǫ < M100 (b− a) , and choose h so that
|f (x)− h (x)| < ǫ, and
|df (v)− dh (v)| < ǫ
for all x ∈ U and all unit vectors v ∈ TM. Require further that h is close enough
to f in the C1–topology so that the integral curve β of ∇h that starts at γ (a) is
parameterized on [a, b] and stays in V. Then∣∣∣∣∇hβ(b)∣∣− ∣∣∇hβ(a)∣∣∣∣ ≥ ∣∣∣∣∇fβ(b)∣∣− ∣∣∇fβ(a)∣∣∣∣− 2ǫ
≥
∣∣∣∣∇fγ(b)∣∣− ∣∣∇fγ(a)∣∣∣∣− 4ǫ
≥ M
4
(b− a) .
So h is not infinity-harmonic. 
Definition 3.11. We call a map Ψ :M −→ N and ǫ-isometry provided,
||dΨ(v)| − 1| < ǫ
for all unit vectors v.
An argument similar to the previous proposition gives us
Proposition 3.12. Let f be a locally defined real valued C2–function on M that is
not infinity-harmonic. There is an ǫ > 0 so that if Ψ is an ǫ–isometry, then Ψ∗ (f)
is not infinity-harmonic.
More generally, if π : E −→ B is a C2–map and f : B −→ R is such that
π∗ (f) is not infinity-harmonic, then there is an ǫ > 0 so that if Φ : E −→ E and
Ψ : B −→ B are ǫ–isometries, then (Ψ ◦ π ◦ Φ)∗ (f) is not infinity-harmonic.
We can now offer the proof of Lemma 3.6.
INFINITY-HARMONIC MAPS AND MORPHISMS 11
Proof. Suppose π : E −→ B is a map that is not horizontal weakly conformal. Let
π (p˜) = p and suppose that dπp˜ is onto, but not horizontal weakly conformal. Let
f : Tp˜E −→ R be
f = dist (0, ·) ◦ dπp˜
and
h : Tp˜E −→ R be
h = distp ◦ π ◦ expp˜
From the proof of Proposition 3.7, f is not infinity-harmonic. The C1–distance
between f |B(0,r) and h|B(0,r) goes to 0 like O
(
r2
)
as r → 0; so h is not infinity-
harmonic.
Combining the facts that h is not infinity-harmonic, exp−1p˜ is an O
(
r2
)
–isometry
on B (0, r) , and (
exp−1p˜
)∗
(h) = π∗ (dist (p, ·))
we see that π∗ (distp) is not infinity-harmonic as desired.
The reader may be concerned that we “run out of room” for this argument, since
we have to take r very small to make it work. This is not a concern, since ∆∞ (f)
becomes arbitrarily large (in places) near the origin.
Now suppose that dπp˜ is nonzero and not onto. The above argument shows
that it is horizontally weakly conformal. As in the proof of Proposition 3.7, we
take v ∈ TpB, to be perpendicular to Im [dπp˜] and very small. We saw that the
∞-laplacians of dist (v, ·) and
f : Tp˜E −→ R, f = distv ◦ dπp˜
both can be made arbitrarily large by choosing the norm of v to be small enough.
Now let
h : Tp˜E −→ R be h = distv ◦ exp−1p ◦π ◦ expp˜ .
The C1–distance between f |B(0,r) and h|B(0,r) is O
(
r2
)
as r → 0; so h is not
infinity-harmonic. Since(
exp−1p˜
)∗
(h) = π∗
(
distv ◦ exp−1p
)
,
and exp−1p˜ is an O
(
r2
)
–isometry on B (0, r) we see that π∗
(
distv ◦ exp−1p
)
is not
infinity-harmonic, and in fact has∞-laplacians that are arbitrarily large if the norm
of v is small enough.
Finally notice that the C1–distance between π∗
(
distv ◦ exp−1p
)
and π∗
((
distexpp(v)
))
converges to 0 as the norm of v goes to zero. So π∗
((
distexpp(v)
))
can not be
infinity-harmonic, even though distexpp(v) is infinity-harmonic. So infinity-harmonic
morphisms are horizontally weakly conformal maps. 
Lemma 3.13. If π : E → B is an infinity-harmonic morphism, then π is an
infinity-harmonic map.
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Proof. By Lemma 3.6, π is a horizontally weakly conformal map. Let λ be the
dilation of π. Then, for any function f locally defined on B, we have
|∇(f ◦ π)|2 = gij(f ◦ π)i(f ◦ π)j = gijfαπαi fβπβj
= λ2(hαβ ◦ π)fαfβ = λ2(|∇f |2 ◦ π),
where the third equality was obtained by using the horizontally weakly conformal
equation gijπαi π
β
j = λ
2(hαβ ◦ π) . It follows that
∇(|∇(f ◦ π)|2) = (∇λ2)(|∇ f |2 ◦ π) + λ2∇ (|∇ f |2 ◦ π),
and hence
∆M∞(f ◦ π) =
1
2
〈∇ (f ◦ π), ∇ |∇(f ◦ π)|2〉
=
1
2
〈∇ (f ◦ π), (∇λ2)(|∇ f |2 ◦ π)〉(3.14)
+
1
2
〈∇ (f ◦ π), λ2∇ (|∇ f |2 ◦ π〉.
=
1
2
(|∇ f |2 ◦ π)df (dπ(∇λ2))
+
1
2
λ4〈∇ f, ∇ |∇f |2〉h ◦ π
for any function (locally) defined on B.
Now choose f to be a (locally defined) distance function. The second term
vanishes by the infinity-harmonicity of f. Since f ◦ π is infinity-harmonic,
0 = ∆M∞(f ◦ π)
=
1
2
df
(
dπ(∇λ2)) ,
for any locally defined distance function f on B. Therefore
dπ(∇λ2) = 0,
and π is a horizontally homothetic map. Applying Proposition 2.14 we obtain the
lemma. 
Lemma 3.15. A horizontally weakly conformal, infinity-harmonic map is an infinity-
harmonic morphism.
Proof. Suppose π : E −→ B is a horizontally weakly conformal infinity-harmonic
map, and f : B −→ R is any (locally defined) function on B. It follows from
Proposition 2.14 that π is horizontally weakly conformal with dilation λ having
vertical gradient. At points where π is submersive, we have as in the proof of
Lemma 3.13
|d(f ◦ π)|2 = λ2(|d f |2 ◦ π).
At points where π is critical, dπ is 0 so |d(f ◦ π)|2 = 0. Since λ is also zero at
these points we have
|d(f ◦ π)|2 = λ2(|d f |2 ◦ π).
in all cases.
Using Equation (3.14) and the fact that λ has vertical gradient we have
∆M∞(f ◦ π) =
1
2
λ4〈∇ f, ∇ |∇f |2〉h ◦ π,
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for any f (locally) defined on B. This implies that π pulls back infinity-harmonic
functions to infinity-harmonic functions and hence, by definition, π is an infinity-
harmonic morphism. 
Proof. (of Theorem 1.3): Together Lemmas 3.6, 3.13, 3.15, and Proposition 2.14
give Theorem 1.3. 
We conclude this section by pointing out that a proof similar to that of Lemmas
3.13 and 3.15 gives the following
Proposition 3.16. A map between Riemannian manifolds is an infinity-harmonic
morphism if and only if it pulls back locally defined infinity-harmonic maps to
infinity-harmonic maps.
4. Constructions of Infinity-harmonic Maps
In this section we give several methods to construct infinity-harmonic maps into
Euclidean space. We characterize those immersions which are infinity-harmonic
maps. We also show that isometrically immersing the target manifold of a map
into another manifold does not change the infinity-harmonicity of the map. Coupled
with Nash’s embedding theorem this suggests that it is particularly interesting to
study the infinity-harmonic maps into a Euclidean space.
Proposition 4.1. [Infinity− harmonicmaps into aEuclidean space]
A map ϕ : Ω ⊂ Rm −→ Rn with ϕ(x1, . . . , xm) = (ϕ1(x), . . . , ϕn(x)) is an infinity-
harmonic map if and only if it is a solution of the following system of PDEs:
〈∇ϕi,∇
∣∣∇ϕ1∣∣2〉+〈∇ϕi,∇ ∣∣∇ϕ2∣∣2〉+ · · ·+〈∇ϕi,∇ |∇ϕn|2〉 = 0, for all i = 1, . . . , n
Proof. This is an easy exercise that we leave to the reader. 
Proposition 4.2. Let ϕ : (M, g) −→ (N, h) be a map and ι : (N, h) −→ (Q, k) an
isometric immersion. Then, the composition ι ◦ ϕ : (M, g) −→ (Q, k) is infinity-
harmonic if and only if ϕ is infinity-harmonic.
Proof. Since ι is an isometric immersion,
|d(ι ◦ ϕ)|2 = |dϕ|2 .
So ι ◦ ϕ is infinity-harmonic if and only if ϕ is infinity-harmonic. 
Example 4.3. Let ϕ : R2\{0} −→ R2 be given by ϕ(x, y) = (ax+by+c,
√
x2 + y2),
where a, b, c are constant. Then ϕ is an infinity-harmonic map with constant energy
density. Note that ϕ is not an affine map, neither is it an isometric immersion nor
a Riemannian submersion.
It is well known that a map into Euclidean space is harmonic if and only if its
component functions are harmonic functions. So any choice of a set of harmonic
functions as components produces a harmonic map into Euclidean space. It is easily
checked that this is not true for infinity-harmonic maps in general. Nevertheless,
we have the following method to construct infinity harmonic maps into Euclidean
space using infinity-harmonic functions.
Proposition 4.4. Let u : (M, g) −→ R and v : (N, h) −→ R be two infinity-
harmonic functions. Then, ϕ : (M × N, g + h) −→ R2 with ϕ(x, y) = (u(x), v(y))
for any (x, y) ∈M ×N is an infinity-harmonic map.
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Proof. We leave the proof as an exercise. 
Example 4.5. It is well known [Ar2] that u(x1, x2) = x
4/3
1 − x4/32 is an infinity-
harmonic function on R2. By Proposition 4.4, we have a globally defined infinity-
harmonic map ϕ : R4 −→ R2 given by ϕ(x1, x2, x3, x4) = (x4/31 −x4/32 , x4/33 −x4/34 )
which has nonconstant energy density |dϕ|2 = 169 (x
2/3
1 + x
2/3
2 + x
2/3
3 + x
2/3
4 ).
Proposition 4.6. [Direct sum construction] Let ϕ : (M, g) −→ Rn and ψ :
(N, h) −→ Rn be two infinity-harmonic maps into Euclidean space. Then, their
direct sum ϕ ⊕ ψ : (M × N, g + h) −→ Rn defined by (ϕ ⊕ ψ)(p, q) = ϕ(p) + ψ(q)
is an infinity-harmonic map.
Proof. We leave the proof as an exercise. 
Proposition 4.7. An immersion ι : (Mm, g) −→ (Nn, h) is infinity-harmonic if
and only if the energy density of ι is constant. In particular, a conformal immersion
is infinity-harmonic if and only if it is a homothetic immersion.
Proof. We leave the proof as an exercise. 
Corollary 4.8. Let g and h be two Riemannian metrics on a manifold M . Then,
the identity map 1 : (M, g) −→ (M,h) is infinity-harmonic if and only if Tracegh =
constant. In particular, 1 : (M, g) −→ (M,λ2g) is infinity-harmonic if and only if
λ is constant.
5. Infinity-harmonic Maps Into Spheres
It is well known that in the presence of sufficient symmetry the harmonic map
equation can be reduced to an ordinary differential equation. In this section we use
ideas similar to those of Schoen and Yau’s and Smith’s about harmonic maps to
find infinity-harmonic maps into spheres.
Let i : Rn −→ Rn+1 be the injection i(x1, . . . , xn) = (x1, . . . , xn, 0), and let
(r, θ) denote the polar coordinates on the unit ball Bn and (ρ, φ) the geodesic
coordinates on the unit sphere Sn, where ρ is the distance from the north pole of
Sn and φ ∈ Sn−1. Following Schoen and Yau’s idea ([SY]) we try to solve the
Dirichlet Problem for rotationally symmetric infinity-harmonic maps.
Theorem 5.1. A rotationally symmetric map ϕ : Bn −→ Sn ⊂ Rn+1 of the form
ϕ : Bn −→ Sn,(5.2)
ϕ(r, θ) = (ρ(r), θ) with ρ(1) = π/2.
is an infinity-harmonic map if and only if either ρ = π/2 and ϕ is the equator map
ϕ : Bn \ {0} −→ Sn−1 ⊂ Sn,
ϕ(x) = x/ |x| ,
or ρ satisfies the ordinary differential equation
(5.3) ρ
′2
+
n− 1
r2
sin2 ρ = constant,
and ϕ has constant energy density.
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Proof. Using polar coordinates (r, θ) on Bn and geodesic coordinates (ρ, φ) on Sn
we can write the metrics as
gBn = dr
2 + r2dθ2, and gSn = dρ
2 + sin2 ρ dφ2.
Let kab and k
ab be the covariant and contravariant components of the standard
metric on Sn−1. Then,
(gBn)
ij =
(
1 0
0 1r2 k
ab
)
, (gSn)αβ ◦ ϕ =
(
1 0
0 sin2 ρkab
)
.
Since
dϕ = (ϕαi ) =
(
ρ
′
0
0 id
)
,
we have
|dϕ|2 = (gBn)ijϕαi ϕβj (gSn)αβ ◦ ϕ = ρ
′2
+
n− 1
r2
sin2 ρ.
and
∇ |dϕ|2 =
(
ρ
′2
+
n− 1
r2
sin2 ρ
)′
∂r
So ϕ is infinity-harmonic if and only if
0 = dϕ
(
∇ |dϕ|2
)
= ρ
′
(
ρ
′2
+
n− 1
r2
sin2 ρ
)′
.
It follows that either ρ = constant and hence ρ = π/2 by boundary condition,
or ρ is a solution of the ODE
ρ
′2
+
n− 1
r2
sin2 ρ = constant.
The first case corresponds to the map ϕ(r, θ) = (π/2, θ) which, in Cartesian coordi-
nates, can be expressed as ϕ : Bn \ {0} −→ Sn−1 ⊂ Sn, ϕ(x) = x/ |x|, the equator
map. In the second case we have
|dϕ|2 = ρ′2 + n− 1
r2
sin2 ρ = constant
as desired. 
Let S2 be the unit sphere in R3 parametrized by spherical polar coordinates:
(α, β) 7−→ (cosα, sinαeiβ) ∈ R⊕ C, (α, β) ∈ R× R
Parametrized the cylinder as R× S1 = {(s, eit) : (s, t) ∈ R× R}, and consider the
rotationally symmetric map ϕ : R× S1 −→ S2 of the form
(5.4) ϕ(s, t) = (cosα(s), sinα(s)eikt),
where α : R −→ R is a smooth function and k a non-zero integer. Smith ([Sm])
proved that ϕ is harmonic if and only if α is a solution of the ordinary differential
equation
(5.5) α′′ = k2 sinα cosα,
and by solving this equation of pendulum with constant gravity and no damping
he was able to find some interesting harmonic maps from torus into a sphere (see
also [BW] for a detailed explanation).
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Our next theorem shows that Smith’s method can also be used to find
infinity-harmonic maps into a sphere.
Theorem 5.6. The rotationally symmetric map ϕ : R × S1 −→ S2,
ϕ(s, t) = (cosα(s), sinα(s)eikt)
is an infinity-harmonic map if and only if
(1) α = constant and ϕ is the projection onto the second factor followed by a
homothetic immersion, or
(2) α(s) = 2 arctan(eks+A)− π/2, where A is any constant, or
(3) 2α is a solution of the pendulum equation (Equation 28.74 in [TP])
(5.7)
d2θ
d t2
+ k2 sin θ = 0.
In this case, the map ϕ factors to an infinity-harmonic map from the torus
R/〈T 〉 × S1 to S2, where T is the period of α.
Note that the ODE (5.7) differs from the harmonic map equation (5.5) by a
negative sign.
Proof. The infinity-harmonicity of ϕ : R × S1 −→ S2 is the same as the infinity-
harmonicity of ϕ : R × S1 −→ S2 →֒ R3. Changing from complex to real notation
we have
ϕ(s, t) = (cosα(s), sinα(s)eikt) = (cosα(s), sinα(s) cos kt, sinα(s) sin kt),
so
(5.8)


∇ϕ1 = (−α′(s) sinα(s), 0),
∇ϕ2 = (α′(s) cosα(s) cos kt, −k sinα(s) sin kt),
∇ϕ3 = (α′(s) cosα(s) sin kt, k sinα(s) cos kt), and
|dϕ|2 =∑3i=1 ∣∣∇ϕi∣∣2 = α′(s)2 + k2 sin2 α(s).
By Proposition 4.1, ϕ is infinity-harmonic if and only if

−α′(s) sinα(s)(α′2 + k2 sin2 α)′ = 0
α′(s) cosα(s) cos kt(α′
2
+ k2 sin2 α)′ = 0
α′(s) cosα(s) sin kt(α′
2
+ k2 sin2 α)′ = 0.
It follows that ϕ is infinity-harmonic if and only if either α′ = 0 and hence α is
constant and ϕ is the projection onto the second factor followed by a homothetic
immersion, or,
(α′
2
+ k2 sin2 α)′ = 0,
which is equivalent to
α′
2
+ k2 sin2 α = C.
When C = k2, we can solve the previous equation and get
α = 2 arctan(eks+A)− π/2. When C > k2,
α′
2
+ k2 sin2 α = C.
is equivalent to
(2α)′′ + k2 sin(2α) = 0,
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which means that 2α is a solution of the pendulum equation (5.7). By the theory
of the solutions of the pendulum equation (see, e.g., [TP]) we obtain the statement
(3). 
6. The Effect of a Conformal Change on the Infinity-Laplacian
In this section we study the effect of a conformal change on the ∞-Laplacian to
derive formulas for the ∞-Laplacian of spheres and hyperbolic spaces in terms of
the ∞-Laplacian on Euclidean space.
Given Riemannian metrics g and g¯ on a smooth manifold M, we let ∇, |.|, and
∆∞ denote the gradient, the norm, and the ∞-Laplacian with respect to g and
we let ∇¯, |.|g¯, and ∆¯∞ denote the gradient, the norm, and the ∞-Laplacian with
respect to g¯.
Theorem 6.1. Let g¯ = F−2g be a metric conformal to g on M . Then
(6.2) ∆¯∞ u = F
4∆∞ u+ F
3 |∇u|2 g(∇u,∇F ).
Proof. A direct computation using g¯ = F−2g gives
∇¯u = F 2∇u,
∇¯ ∣∣∇¯u∣∣2
g¯
= ∇¯ ∣∣F 2∇u∣∣2
g¯
= ∇¯
(
F 4F−2 |∇u|2g
)
= 2F 3 |∇u|2g∇F + F 4∇ |∇u|2g
It follows that
∆¯∞ u =
1
2
g¯(∇¯ u, ∇¯ ∣∣∇¯u∣∣2
g¯
)
=
1
2
F−2g(F 2∇u, 2F 3 |∇u|2g∇F + F 4∇ |∇u|2g)(6.3)
= F 4∆∞ u+ F
3 |∇u|2 g(∇u,∇F ).

As an application of Theorem 6.1 we have the following expression for the ∞-
Laplace equation in hyperbolic space.
Corollary 6.4. [∞− Laplacian on hyperbolic spaceBm] Let (Bm, gH) be the m-
dimensional hyperbolic space with open-ball model, where Bm = {x ∈ Rm : |x| < 1}
and gH = F−2δij with F =
1
2 (1 − |x|
2
). Then, the ∞-Laplace equation in the
hyperbolic space (Bm, gH) is the conformal ∞-Laplace equation in the Euclidean
space (Rm, δij), which can be written as
(6.5) ∆R
m
∞ u−
2 |∇u|2
1− |x|2 〈x,∇u〉 = 0, x ∈ R
m,
where |, | and ∇ denote the norm and the gradient defined by the Euclidean metric
〈, 〉 on Bm ⊂ Rm.
Example 6.6. Let u : Ω ⊂ (S2 \ {N}, gcan) ∼= (R2, F−2δij) −→ R be given by
u(x1, x2) = arctan
x1
x2
. Then, we know (see [Ar1]) that u is an infinity-harmonic
function on Ω ⊂ R2, so ∆R2∞ u = 0. On the other hand, we can easily check that
〈x,∇u〉 = 0. Therefore, u satisfies Equation (6.5) and hence it is an infinity-
harmonic function on sphere S2. A more geometric way to see this is via the
isometric R–action that rotates the 2–sphere and Proposition 1.2.
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Note that the function u(x1, x2) = arctan
x1
x2
is also an infinity-harmonic function
on hyperbolic space (B2, gH) wherever it is defined.
The following example give families of infinity-harmonic functions on hyperbolic
space.
Example 6.7. Let (Bm, gH) be the m-dimensional hyperbolic space with open-
ball model as in Corollary 6.4. Then, for constants a1, ..., am−1, the function u :
(Bm, gH) −→ R given by u(x) = (a1x1 + ...+ am−1xm−1)(1 + |x|2 − 2xm)−1 is an
infinity-harmonic function. This follows from Theorem 2.9 in [Ou2].
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